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Abstract
In this note, we provide a direct and elegant bijective proof of Chung–Feller theorem.
© 2007 Elsevier B.V. All rights reserved.
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Dyck paths are the most investigated objects related to the Catalan numbers Cn (see [2,6,5,8]). An n-Dyck path
with k ﬂaws is a path from (0, 0) to (2n, 0) with up (1, 1) and down (1,−1) steps having k down steps below the
x-axis. Surprisingly, the number of n-Dyck paths with k ﬂaws is independent of k which is the Chung–Feller theorem.
In [1], the famous theorem was ﬁrst proved by means of analytic method. The theorem was subsequently treated by
more combinatorial methods in [7] (using cyclic permutation) and in [4] (using the Taylor expansions of generating
functions). Recently, Eu et al. [3] proved a reﬁnement of this result.
In this note, our purpose is to provide a direct and elegant bijective proof of Chung–Feller theorem. We utilize a
simple bijection between n-Dyck paths with k ﬂaws and n-Dyck paths with k + 1 ﬂaws for k = 0, 1, . . . , n− 1 to yield
this result (Theorem 0.1).
Theorem 0.1 (Chung–Feller). The number of n-Dyck paths with k ﬂaws is the Catalan number Cn for k =0, 1, . . . , n.
Proof. LetDn,k be the set of n-Dyck paths with k ﬂaws for k = 0, 1, . . . , n. We will establish a bijection betweenDn,k
and Dn,k+1 to prove this result (Fig. 1).
On the one hand, for a given path D in Dn,k , let D = BuAdC, where u is the ﬁrst up step above the x-axis and d is
the ﬁrst down step touching the x-axis after u. It is easy to see B is a path all below the x-axis, say with k1 ﬂaws for
k10, A is a path all above the x-axis (with 0 ﬂaws), and C is the remaining path with k − k1 ﬂaws (A and B may be
empty). Switch Bu with Ad to obtain D′ = AdBuC. Since A, dBu, and C have 0, k1 + 1, and k − k1 ﬂaws, respectively,
then D′ is a path in Dn,k+1.
On the other hand, for a given path D′ in Dn,k+1, let D′ = AdBuC, where d is the ﬁrst down step below the x-axis
and u is the ﬁrst up step touching the x-axis after d. It is easy to see A is a path all above the x-axis (with 0 ﬂaws), dBu
is a path all below the x-axis, say with k1 + 1 ﬂaws for k10, and C is the remaining path with k − k1 ﬂaws. Switch
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Fig. 1. 3-Dyck paths with k ﬂaws and their corresponding 3-Dyck paths with k + 1 ﬂaws for k = 0, 1, 2.
Ad with Bu to obtain D = BuAdC. Since B, uAd, and C have k1, 0, and k − k1 ﬂaws, respectively, then D is a path in
Dn,k . This completes the proof. 
Herewith we specially thank ProfessorYeong-NanYeh of Institute ofMathematics,Academia Sinica, Taipei, Taiwan,
for supplying valuable suggestions.
References
[1] K.L. Chung, W. Feller, On ﬂuctuations in-coin tossing, Proc. Natl. Acad. Sci. USA 35 (1949) 605–608.
[2] E. Deutsch, Dyck path enumeration, Discrete Math. 204 (1999) 167–202.
[3] S.-P. Eu, T.-S. Fu,Y.-N.Yeh, Reﬁned Chung–Feller theorems for lattice paths, J. Combin. Theory Ser. A 112 (2005) 143–162.
[4] S.-P. Eu, S.-C. Liu,Y.-N.Yeh, Taylor expansions for Catalan and Motzkin numbers, Adv. Appl. Math. 29 (2002) 345–357.
[5] J. Labelle, Y.-N.Yeh, Dyck paths of knight moves, Discrete Appl. Math. 24 (1989) 213–221.
[6] J. Labelle, Y.-N.Yeh, Generalized Dyck Paths, Discrete Math. 82 (1990) 1–6.
[7] T.V. Narayana, Cyclic permutation of lattice paths and the Chung–Feller theorem, Skand. Aktuarietidskr. (1967) 23–30.
[8] R.P. Stanley, Enumerative Combinatorics, vol. 2, Cambridge University Press, Cambridge, 1999.
